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Abstract: The object of study in the recent theory of Mean Field Games has been primarily large populations
of agents interacting through a population dependent coupling term, entering through individual cost or
dynamics. However, there are situations where agents are essentially independent, except for measurement
interference. This is the case for example in cellular communications networked control across noisy channels.
In previous work, we formulated the case of interference coupled linear partially observed stochastic agents as a
game. Conditions were developed under which naively ignoring the interference term leads to asymptotically
in population size, optimal control laws which are Riccati gain based. We tackle here the case of exact
decentralized filtering under a class of time invariant certainty equivalent feedback controllers, and numerically
investigate both stabilization ability and performance of such controllers as the state estimate feedback gain
varies. While the optimum filters have memory requirements which become infinite over time, the stabilization
ability of their finite memory approximation is also tested.
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1 Introduction

Large population stochastic multi-agent systems have gained significant attention in the control community in
recent years. This is due to the rich theory associated with decentralized control and system performance as
well as to the growing number of important and challenging applications in control of networked dynamical
systems, such as wireless sensor networks [1], very large scale robotics [2], controlled charging of a large
population of electric vehicles [3], synchronization of coupled oscillators [4], swarm and flocking phenomenon
in biological systems [5, 6], evacuation of large crowds in emergency situations [7, 8], sharing and competing
for resources on the Internet [9], to cite a few. It is common in multi-agent systems to limit each individual
agent in the system in terms of what it can decide on its own, what it can do on its own, and what it
can measure on its own about its local environment. Owing to the limited sensing ability, it is not feasible
for each individual agent to collect all other agents’ state information, especially for large-scale dynamic
systems. Therefore, the design of decentralized control and estimation laws depending only on local state
measurements are required.

Several decentralized and distributed estimation schemes for large-scale systems have been proposed to
make the estimation problem computationally efficient. In [10,11] distributed and decentralized approaches
to state estimation and control were developed for large-scale multi-rate systems with applications to power
networks and plantwide processes, respectively. In [12-16] distributed decision-making with partial observa-
tion for large population stochastic multi-agent systems was studied, where the synthesis of Nash strategies
was investigated for the agents that are weakly coupled through either individual dynamics or costs.

In previous work [17], the case of N uniform agents described by linear stochastic dynamics with quadratic
costs and partial linear observations involving the mean of all agents was considered, and the problem was
formulated as an interference induced game. We explored conditions under which a Luenberger like observer,
together with a constant state feedback in individual systems would be: (i) ideally optimal, (ii) at least
stable. Our objective in the current paper is to extend the class of candidate stabilizing control structures
via optimal filtering. In particular, we study the optimal decentralized filtering problem under a class of
certainty equivalent controllers, and numerically investigate both stabilization ability and performance of such
controllers as the state estimate feedback gain varies. While the optimum filters have memory requirements
which become infinite over time, the stabilization ability of their finite memory approximation is also tested.

The rest of the paper is organized as follows. The problem is defined and formulated in Section 2. A
summary of the previous work [17] is given at the start of Section 3, followed by detailed derivations of
the optimal growing dimension filter and associated approximate finite memory filters. In Section 4, both
stabilization ability and performance of this class of state estimate feedback controllers are numerically
investigated. Section 5 presents an application example for a class of networked multi-agent control systems.
Concluding remarks are stated in Section 6.

2 Model formulation and problem statement

Consider a system of IV agents, with individual scalar dynamics for simplicity of computations. The evolution
of the state component is described by

Thtl,s = ATk + bug; + W s, (1)

with partial scalar state observations given by
1N
Yk = CTE; +h ~ lek,j + Vk,is (2)
=

for k> 0and 1 <¢ < N, where xy ;, ur i, Yr,s € R are the state, the control input and the measured output of
the i*" agent, respectively. The random variables wy, ; ~ N(0,02) and vy, ; ~ N(0,02) represent independent
Gaussian white noises at different times & and at different agents . The Gaussian initial conditions g ; ~
N (Zg, 03) are mutually independent and are also independent of {wy ;, vk, 1 <i < N, k > 0}. 02, 02 and o}
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denote the variance of wy, ;, vx; and x¢ ;, respectively. Moreover, a is a scalar parameter and b,c,h > 0 are
positive scalar parameters. In addition, the individual cost function for each agent is given by

— 1
J; £ lim 7E (2% +rup ). (3)
k=0

where r > 0 is a positive scalar parameter, E{.} is the expectation operator, and lim is lim sup.

The problem to be considered is to develop decentralized estimation policies such that each agent is
stabilized by a linear feedback control of the form

Uk = — [, (4)

where f is a constant scalar gain, and Zj; is an estimator of zj; based only on observations of the ith
agent. More specifically, the control is a linear feedback —fZ}, ; on the state estimate of xj ;, while the state
estimate % ; is obtained based solely on agent i’s own observations yr i, Yx—1,i; Yk—2,i Yk—3,is «---

3 Filtering for a class of certainty equivalent controllers

3.1 Previous work

In [17], we explored the conditions under which a Luenberger like observer of the form
Thiri = (@ = bf)Tni + K(yksri — cla = 0f)2r), (5)

together with a constant state estimate feedback in individual systems would be: (i) ideally optimal, (ii) at
least stable. It was found that (i) was asymptotically true (as N goes to infinity) when state gain a is less
than a value called ayqsp, and which can be exactly computed. Up to angsh, the optimum control policy is
the isolated (naive) Kalman gain K* (obtained by assuming zero interference in the local measurements, i.e.,
setting h = 0 in (2)) combined with the Riccati dictated optimal gain f*, with

cPx(a)

K*(a) = W |
(a) 2Py (a) + o2

(6)

where P, (a) is the unique positive solution of

P2 (a) + (1 —a®)o} — Pop) Pac(a) — os00 = 0, (7)
and .
* _ a (e’ ,
Flar) = ms— ®)

where Y, is the positive solution of the algebraic Riccati equation
VY2 4 (r—a*r —b?)8e — 7 =0. (9)

There is also asyp greater than angsy such that when a is between aygqsn and as,p, one can reverse engineer
a range of coefficients r for the cost functions in (3) for which the naive Kalman gain K* combined with
the feedback gain f* dictated by the Riccati equation will be asymptotically optimal. Finally, past aguyp,
no optimal control interpretation is possible any more, although there exist couples (K, f) which may still
stabilize the system up to a maximum value, and only cooperatively chosen common gains can get us to
approach a minimum cost. Let as; be the limit past which constant Luenberger like observer and feedback
gains can no longer stabilize the system. The current paper is a continuation of stabilization and optimality
investigations for values of a past as.

From [17], for each fixed a it is possible to stabilize the system using a Luenberger like observer Equa-
tion (5) and the pair (K, f) if and only if (K, f) is in a stability region denoted by S(a), independent of
N. Let ay = a — bf, and also let a,,(f) (or equivalently a,,(as)) denote the maximum value of a such that
(K*(a),ay) € S(a) for some ay € [0,1). Moreover, let an, = sup, c[,1) am(ay). Then we have the following
numerical results.
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3.1.1 Numerical results

The numerical results reported in this paper are obtained considering the following parameter setting:
b=c=h=1and 0, = 0, = 09 = 1, with Ezo; = Zop = 0 for all agents i = 1,2,...,N. In addi-
tion, we will only deal with the case a > 0 (a symmetric property holds for the a < 0 case). The value of a
and f will be specified in the different simulations.

By numerical investigation we have a,, ~ 3.6 which is obtained by letting a; go to 1. Figure 1 is a
representation of the stability regions for the assumed parameter setting when a varies from a = 0.2 to
as = 5.5. It is observed that the stability region gradually shrinks as a increases until it all but vanishes
at a; = 5.5. More specifically, for all @ < anqsh, all intersections of the horizontal line K*(a) with all the
vertical lines (marking values of f which, given a , satisfy (8) for some value of input penalty coefficient r,
where r goes from 0 to infinity) belong to the stability region. For all a € (anqsh, @sup) this holds only
for large enough r while for a = asy, all the intersections cease to belong to the brown area. For a = a,,
the Kalman gain ceases to be in the stability region for all ay € [0,1) and, for a = 5.5 the stability region
becomes empty.

3.2 Exact optimal bulk filter

The goal of this section is to extend the class of candidate stabilizing control structures via exact optimal
filtering with h # 0 in its formulation. In particular, when local state estimate feedback (4) is included in
the i*" agent state Equation (1), the result is as follows:

Thi1,i = Ak — bka’i + W ;- (10)
a=02
10 4
5 2
= =
0 0
-5 -2
-2 2 -1.5 1 0.5 0 05 1 & 1.5
T
a=1
4 4
2 2
= =
0 0 <
-2 -2
-2 2 -15 -1 -05 0 05 1 - 15
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a=2.5 (aSup)
2 2
o1 o1
0 o]
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a, a4

Figure 1: The stability regions S(a) (brown shaded areas) in the (K, ay) plane. The vertical lines represent the optimal Riccati
gain f*(a,r) corresponding to all possible values of parameter r while the horizontal line is the optimal isolated (naive) Kalman
filter gain K*(a).
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In addition, anticipating the need to account for the influence of average states in the dynamics through the
measurement equation, and letting a tilde (%) indicate an averaging over agents operation, we define:

1Y 1 Y
mg = N Zxk7j7 Tﬁk = NZikJ, (11)

Jj=1 Jj=1

1 & 1 &
Wy, = N Zwm, U = N Z'Uk,j- (12)

Jj=1 Jj=1

Thus, combining (10), (11), (12), we obtain:

M1 = amy — bfmyg + Wi (13)

It appears that optimal decentralized estimation in our problem structure, does not lend itself naturally to a
recursive computation. Indeed, the sufficient statistic from the past (adequate state description) appears to
grow by 2 components at every step. More specifically, average agent state (averaging over all agents) and
average agent state estimate enter into the dynamics of the controlled individual agents, through the —fiy ;
term into the dynamics (1), and thus the dynamics of both of these averages must be specified to complete
the estimation procedure. As a result, one has to augment the dynamics of (1) by at least that of the agents
states average term in the estimation at the first step. When optimal filtering is applied to the augmented
state, computations of both the innovation term and its gain involve an expected value of the average state
and the average state estimate (because the latter enters the average agent state dynamics). This yields to
the apparent infinite regress effect.

A significant source of complexity in the analysis, is self dependency of filtering equations. Roughly
speaking, since the averaged agent state enters into individual measurements, the effective stochasticity in
a single agent’s measurements depends on how precisely other agents are estimating their individual states.
Thus by symmetry, the level of uncertainty in individual state estimates depends on itself. Furthermore,
the straightforward recursive Kalman filter assumes that the internal and measurement sequences noises are
uncorrelated with their past (white noise property). However, in the sequence of expanding state models
that we need to construct for estimation purposes as the time index increases, the noise vectors are also
expanding, and are partially common from one stage to another.

However, given that all noise and initial random variables are jointly Gaussian and noting that linearity
is preserved in our control structure set up, optimal estimates will be linear functions of the measurements.
Hence, using the classical Gaussian unbiased minimum variance estimation theory [18], we derive the exact
optimal growing dimension filter whereby at every time step, all past and present available measurements
are considered. In particular, let us denote by K}, the time-varying 1 x k row vector of filter gains necessary
for computing &, ;. Also let Yllfi indicate the column vector of all measurements up to time k at agent . The
minimum covariance estimator £ ; minimizes the mean square estimation error

Yp=E [(xk,i — )’ |Y1]fi:| ; (14)

and is given by the exact growing dimension filter (the optimal Bulk filter) equations [18,19]:

By = E[zeg] + K (Y —E[Y]), (15)
Sk = Py ios — KszTkyiyl,fi, (16)

with optimal time-varying gain
Ki = Py, v, Pri i s (17)

where
Py, vy, =E (@i — Elowa)) (7 ~E )] (18)

Pyye, =E[(VF ~E[vE]) (v -E[v])"]. (19)

1,i%11,i )t
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The next theorem gives a semi-recursive computational scheme for the exact growing dimension
filter (15)—(17), which uses all of the results from previous cycles up to time k — 1 to compute K}, in one shot.

Theorem 1 The optimal decentralized state estimator Ty, ; is given by:

Y1,i — (C + h) (a — bf)2.’i‘0
i — h —-b T
jk,i = (a — bf)k:i‘o + K, vz (c - )(a f) "o , (20)

yri — (c+h)(a—bf)rzo

with optimal time-varying gain Ky, obtained from Levinson-like order-updating relations given by:

Prpiyrs — Pz yh-1 713—1 w1 Pyok—1
iYk,i 0i Y1 4 yFE-lyk- Y Yk _
K, = [(a — bf)Kk_l O] + ,; L _1; Lé L * |:—P3,11c‘—1yk iPYk:}__lYk,_l 1i| , (21)
Pocaves = Pl P Py, - 00 00
with Kl = Pfﬂl,iyLi/PyLiyLw and
-1 -1
Pty = Prower Qoonal L v
LiTLe le(k—l) 0 Pyk,iyk,i - Pylkzlyk’ipylki*lylk;lPYi;lykJ 1
1 T
*Py;f;ly;f;lpyl’i:lyk,i , (22)
1
where the covariances Py, .y, . and Py, ., . are respectively defined as
Pryin = E [(@rs = E o)) (s — Elyei) "] (23)
T
Py ives = E [Wh = E lni]) (i — Elyei)"] (24)
fort=1,....k, and are obtained recursively from the following equations:
Pyl,iyt,i
aP, s —bf K : ort=1,....k—1
Prk,iyt,i _ Th—1,iYt,i f k—1 . ; f ) (25)
Pyk—l,iyt,i
CPyy iz + WPy iy, fort>k
Py oy = cPey iyei Py, imys . fort=1,...)k—1 (26)
' cpwk,z‘yk,i + hPyk,imk + 05, fO?“ t=k
cPyy im, + hPrym,, fort <k
p (C + h)Pykﬂm + Pyk,i'Dl (27)
YR Y aPy, imyy — bF K1 : . fort>k
(C + h’)Pyk,imt—l + Pyk,iﬁt—l
ank_l,iwt,i
Pwt,iyl,i
—bfKi_1 , fort=1,...,k—1
Psz$’r7 = Pﬂﬂt,iyk—u
Pwk—l,iyl.i
a2sz_711izk7u — 2(Lbek,1 + b2f2Kk71PY1k;1Y1k;1KIZ—‘_1 + 0'121), fO’r' t=k
P,

Tr—1,iYk—1,4

(28)
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Pyl,imt
ank—l,'imt - bek—l

Pyk—l,imt

Pwk—l,iml

azpﬁk—l,imt—l —abf(c+ h)Ki_1

sz—l,imt—l
Pwk—l,if)l Pyl,imt—l
p —abfKp_1 —abfKi_1
Th,ime —
P‘rk—l,iﬁt—l Pyk—l,imt—l
+b2f2Kk,1((C + h)PYlkfle’l + Pylkﬂ(/ltﬂ)Kg_l
Pyl,i"l}t—l
+apzk—1,i“~)t—1 + aPmt—lwk—l,i —bfKy—1
Pyk—l,ii)t—l
Pmlwk—l,i
7bf(c+h)Kk—l +Pwk—1,iﬁ)t—l

Pmt—lwk—l,i

(C + h)Pmlmt + Pmtﬁl
aPry ym, = bfKi—1 .

(C + h)Pmk—lmt + Pmtf)k_l
Pmk—lml
aZPmk—lmk—l —2abf(c+h)Ky_1

Pmkmt =
Pmk—lmk—l

P,

k—101

~2abf Ky + 022K (e + h)?

Pmk—lf)k—1

‘PM{‘71M1’€’1 + (C+ h)(PMffl\"/lkfl + ij\;{c—l"}lk—l

Pyk,iwt,i = Cszﬁiwty,; + hPmkwt,i’
0,
o5
N
Pmkwt,z‘ = Pmlwt’i
aPmk—lwt,i - bf(C =+ h)Kk—l y
Pmk—lwt,i
0,
2
Ows
Pack,,iwt,i CPEl,iwt,i + hPmlwt,i
aPmk—l‘iwt,i - bekfl :

cpwk—l,iwt,i + hPmk,lwm-

fort=1,... k-1

2
)+ Pf/lkfl‘"/lkfl)Kg_l + %”, fort=k

(29)
fort >k
fort=1,...)k—1
(30)
(31)
fort>k—1
fort=k—-1
(32)
fort<k—1
fort>k—1
fort=Fk—-1
(33)
, fort<k-—1
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Pyl«,z‘ﬂ)t = CPIk,i’lf)t + hPmk?I)t7 (34)
07 for t> k -1
[;\’2}’7 fort=k—-1
Pmk/lI]f - Pml'LDt (35)
aPp, 5, —bf(c+h) Ky : , fort<k—1
Pmk—lwt
07 fO'I” t> k -1
i\?}H fort=k—-1
ka,iwt = CPﬂﬁl,ﬂDt + hPmNJ)t, (36)
aPp, | o, —bfKi1 : , fort<k-—1
Cka—l,iwt + hpmkflﬁ)t
fort >k
Pyk,i’Ut,i = fort=k (37)
C‘sz,ivt,i + h’Pmk'Ut,i? fO']" t < k
0, fort>k—1
—bf Ky (k—1)%, fort=k—1
Pmkvt,i = ) Pmﬂ)t,z‘ (38)
apmk—ﬂ)t,,qz _bek—l(t)% _bf(c+h)Kk—1 s fO?"t <k-1
Pmk—l'l)t,i
0, fort>k—1
—be}cfl(k—l)O'g, fOT't:k—l
ka,ivt,i = CPwl,z‘Ut,i + hmet,i (39)
apﬂ?k—LiUt,i - bek—l(t)U?; - bek—l s f07’ t<k—-1
CPuy v + WPy v,
fort >k
Pyk,ﬁ)t fort=k (40)
cPy, .5, + hPpys,, fort<k
0, fort>k—1
—bf K (ke —1)%, fort=k—1
Pmk'f)t = ) P’mlf}t (41)
aPp, 5, —bfKi_1(t) bf(c+ h)Kp_1 : , fort<k—1
Pmk:—lit
0, fort>k—1
—bf Ky (k= 1)%, fort=k—1
Pﬂvk,z‘f)t = cpl‘l,if)t + hPmﬁJt (42)
aPp 5, — bf K1 ()5 — 0f Ki—1 : , fort<k—1
CPwkfl,i'Dt + hPmkflf)t
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where K, (j) denotes the ji" element of Ky, and MF, Vlk respectively indicate the column vector of m and ©
from time 1 up to time k.

Proof. See the Appendix. O

Remark 1 Note that the Bulk filter estimation at step k requires solving all the intermediate steps from 1
to k, because this is a situation of dual control whereby the quality of estimation at time step k depends on
previous control actions, themselves a function of previous filtering results.

Remark 2 Note also that all the above expressions capitalize on computations already carried out at the
previous time step; otherwise, the complexity of calculations would make bulk filtering estimates an essentially
imsurmountable task.

The next Lemma gives the cross covariance of two arbitrary agents.

Lemma 1 The cross covariance of two arbitrary agents xy; and xy ; over time are obtained recursively from
the following equations:

Pl‘t,jyl,z‘
apxk—l,ixt,j _bek—l s fO?”tzl,...,k—l
Pift,jyk—l,i
le«,—l,iyl,j
ka,ixt‘j = a2P$k71,i$k—1,j —abfKy— —abfKj— (43)
Pfkfl,iyk—l,j
Pmk—l,jyl,i
2 £2 T —
+ b f Kk_lpylkl—lylkl—lKk,717 fort=k
sz—l,jyk—l,i
where
Pyl,iyt,j
P, . —bfK_ : , t<k
P:Ck,'iyt,j = B it S ’ Jor (44)
Pyk—l‘iyt,j
cPyy izo; + PPy im,, fort>k
Py iy = CPoy iy s ¥ WPy, imys fort=1,...,k (45)
Proof. See the Appendix. O

3.3 Finite memory filtering approximations

The optimal Bulk filter is an infinite impulse response (IIR) filter. Any stable IIR filter can be approximated
to any desirable degree by a finite impulse response (FIR) filter [20]. In this section, we derive approximate
finite-dimensional (time-varying) filters to reduce memory requirements of the Bulk filter. Let any variable
with superscript (n) correspond to an approximate FIR filter of length n, where only the last n measurements
are preserved. In particular, let us denote by K ,gn) the time-varying 1 x n row vector of filter gains necessary

for computing :%,(Cni). Also let Ykk_n +1,; indicate the column vector of n measurements from time k —n + 1 up
to time k at agent ¢, and assume zero mean for initial conditions of all agents, i.e., Exo; = 2o = 0,7 > 1.

(n)
k

The minimum covariance estimator &, ; minimizes the mean square estimation error
;

(n) ~(n) 2 k
Yy, =E (Ik,i*xk,i) Yelngvil (46)
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and is given by [20]:

jjl(:z) - Klin)ykk—n—&-l,zv (47)
E’(fn = kaﬂ'x’“vi K]gn)Pg;c,iYkk—n+l,i7 (48)
with optimum time-varying gain
(n) _ -1
Kk - sz"iykk_"‘*'l-riPYkkfnﬁ»l,iYkkfn{»l,i ’ (49)

The next theorem gives a semi-recursive computational scheme for the optimum finite memory filter (47)—(49),

which uses all of the results from time k& — n up to time k — 1 to compute K,in) in one shot.

Theorem 2 The approximate optimal decentralized state estimator igfi) is given by:

a0 = KYE (50)

K2

with optimal time-varying gain K,gn), obtained from Levinson-like order-updating relations given by:

K}glﬂ) _ [O K}E;Z)} +

—1 T
P, . - — P k P P
Tl i¥k—1,i Thi Y141, LSRRI CAT Ye—1i Y1
—1

P, ) - P k P,

Yh—t,ilh=t,d SRR WA CUNTRTS CARTRIRE TSH ) CUR

—1

1 —-P k P

[ Y=t Yeig Ykk—l+1,iykk—l+1,i ’ (51)

forl=1,...,n—1, with K,El) = Peyiyni/ Py yrir and

Pil 0 O1><l i
= 1
Yk, Y Oix1 Py i
Fobitk=bi Y iV ig
1
—1 T
P, ) —P & P, . P ‘
Yh—l,ilh—lyi Ye—1aVilina T Y YR T YR
1
-P;} . PT
Ykk—H—l,iYkk—H—l,i yk*lyiykk—wl,q‘,
T
: 52)
—1 T
—P, k k P k ’
Y Y Y- Y g

for I =1,..,n — 1, where the covariances Py, ., ., and Py, ., , are obtained recursively from the truncated

covariance expressions (25)-(42) by considering k —n + 1 <t < k, and replacing K}, with K,(cn).
Proof. See the Appendix. O

3.4 The steady state isolated Kalman sequence
In this section, we obtain the equivalent sequence for the isolated Kalman filter equation in the steady-state.
Proposition 1 In the stability region, the isolated Kalman filter equivalent equation in the steady-state is

given by
Tri = Kiyki + Koyr—1i + - + Ky, (53)
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where

K| =K, (54)

K}y =(a—bf)(1 — cK*)K*, (55)

Ky =(a—bf)*(1 — cK*)?*K*, (56)

K} =(a—bf)*(1 — cK*)>K*, and s0 on.... (57)
Proof. Let K be given as (6) in (5). By rearranging (5) we have:

Tpi1,i = (@ —bf)(1 — cK") &k + K Yrtr,i (58)
Then substituting

Thi = K1Y + Koyh-1,i + - + Ky, (59)

and

Tpg1, = KiYky1i + Koynyi + -+ K1y (60)

into (58) and applying the stationarity property by making the left-hand-side of the resulting equation equal
to its right-hand-side, we get the fixed-point values (54)—(57). O

4 Numerical study of filtering and control performance

In this section, we numerically investigate state tracking ability of both the exact (growing dimension) bulk
filter and its approximate finite dimension versions, as well as the control performance of the associated
certainty equivalent controllers.

4.1 Stabilization ability of certainty equivalent controllers

First, we numerically demonstrate the stabilization ability of our class of certainty equivalent controllers
using an arbitrary feedback gain f such that |af| < 1 (where ay = a — bf) on the bulk filter estimate. In
particular, Figures 2, 3 and 4 respectively, show the stable behavior of a representative agent (namely, the
50" agent) when a = 10, a = 100, and a = 1000.

300

k50 *ks0
— — Estimateofx, g — — Estimateofx, g,

200

100

-100 |-

-200 |-

-300

L L L L L L L L L L L L L L L L L L
0 50 100 150 200 250 300 350 400 450 500 0 50 100 150 200 250 300 350 400 450 500

time

Figure 2: The state and its estimate when a = 10,
ay = 0.9, N =100, i = 50.

time

Figure 3: The state and its estimate when a = 100,
ay =0.9, N =100, ¢ = 50.
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5 x10°

— Xks0

— = Estimate of x, 5,
2L 4
1L
0 -
Kl 4
2 4
3 I I I I I I I I I

0 50 100 150 200 250 300 350 400 450 500

time

Figure 4: The state and its estimate when a = 1000, ay = 0.9, N = 100, i = 50.

4.2 Stationarization conditions of optimum filter

Tt is numerically observed that the optimal bulk filter gains become asymptotically stationary for a < a(f, N)
or equivalently a < a@(ay, N). We shall refer to a(ay, N) as the stationarity threshold at ay and N. For
example, when a = 2.5, f =2, N = 1000, we have:

Kpuk =[...,—0.0006,0.0015,0.0018, 0.0615, 0.8628].

Note that the weights of the past measurements are getting smaller and smaller and disappear. The following
index has been considered to investigate the stationarity of the Bulk Filter:

A=|Kr i (1:T—1)— Kr(2:T), (61)

where Ki(t1 : ta) = (Ki(t1), Kk(t1 + 1), ... Ki(t2)) comprises the elements from ¢; to ¢o of the bulk filter
gain vector. In particular, the quantity A in (61) is the norm of the difference between the gains of the
Bulk Filter in the last two steps of the considered time horizon [0, 7). If this quantity starts to increase
when a is increased, it is an indication that the Bulk filter is losing its stationarity property. The values of
the stationarity index A in (61) are reported in Figure 5 when ay = 0.5 (top) and ay = 0.99 (bottom) for
different values of N over an horizon of T' = 1000 steps. Moreover, the values of the thresholds a(ay, N)
and a,,(ay) for various ay and N are reported in Table 1, where it is shown how the number of agents N
affects a(ay, N). For each fixed N, it can be observed that the threshold increases with ay. Also, as for
the dependence on N, for small values of a (namely 0.3 and 0.5) the threshold a(ays, N) roughly decreases
with N while for large values of a (namely a = 0.8 and a = 0.99) it increases. In essence, the dependence
of the threshold a(as, N) on N remains rather weak (at least for N' > 100) and the threshold is always very
close to the threshold a,,(as) where the stationary Kalman gain ceases to stabilize (1) for the considered ay,
under the naive filtering scheme (5).

Table 1: Thresholds a(as, N) and am(ay)

af a(ay, N =100) a(ay, N =1000) a(ay, N =10000) am(ays)

0.3 2.48 2.44 2.38 2.36
0.5 2.79 2.8 2.76 2.74
0.8 3.25 3.35 3.34 3.304

0.99 3.55 3.72 3.72 3.67




Les Cahiers du GERAD

12 G-2017-04
—15 -11
L — LA
4l |- B-N=10000 : ' ! [-B-N=10000
- ©-N=1000 ' P , |-©-N=1000
350 -6 -N=100 ' . ar i |- & -N=100
] 1
il A :
25r : é :, 3r II
1
< 2 : e < !
1 1 1
15} o S 2 !
1 [0] ]
1t 1 " ', | : 'l‘ (0] ﬂj:l
9. }# 1t , \n ‘ / 1
05~ \P'—& ;8 § 1 —e n\ (0]
eas e 28] L FRNCALIE :§ i,
‘ ‘ ‘ ‘ 00 h U@
266 268 27 272 2 74 276 278 28 %% 355 365 3.7 3.75
a

Figure 5: Stationarity index A as a function of a when ay = 0.5 (top) and a; = 0.99 (bottom), for different values of N
over T' = 1000 steps. The red vertical line represents the threshold a,(ay) where (K*(a),ay) ceases to belong to the stability

region S(a) in Figure 1.

4.3 Relation with the naive Kalman filter approach

When the Bulk filter becomes stationary, it is interesting to investigate the relation between its steady state
gain coefficients and the isolated Kalman filter equivalent equations given by (54)—(57). In particular, consider
the following ls norm based discrepancy index:

5p - ||KBulk - Kisolated||7 (62)

where Kisolatea = [- .- K%, Kj, K1], with K} = (a —bf)’~'(1 — ¢K*)7~'K*. Figure 6 shows the discrepancy
index ¢, between the Bulk Filter gains at step T' and Kjsoiateqd as a function of a when ay = 0.5 (up), 0.99
(bottom), under different values of N over an horizon of T = 1000 steps. It is observed that the steady
state bulk filter gain with mostly a few coefficients non zero could be recovered by applying the isolated
Kalman filter equivalent equations given by (54)—(57) provided that N is sufficiently large. For example,

when a = 2.5, f =2, N = 10°, we have:

Kpur =[... 0.0003 0.0039 0.0584 0.8650],
whereas the stationary Kalman filtering sequence as given by (54)—(57) is given by:

0.00026616 0.0039 0.0584 0.8650].

Kisolated = [ ..
x1oT3 o S S o x10° ‘ ‘ ‘ ‘
18} / o p J o
¢ o 16/ |- B - N=10000 i}
161 ' . -© -N=1000 ! A
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| / ab ||
4 0000 ﬁp : |
2t |
={cic)
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1.2 1.4 1.6 1.8 2 22 24 2.6 2.8
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Figure 6: Discrepancy index J,, between the Bulk Filter gains at step T and K;s,q¢eq as a function of a when ay = 0.5 (up), 0.99
(bottom), for different values of N over T = 1000 steps. The red vertical line represents the threshold a.,,(a ) where (K*(a),ay))

ceases to belong to the stability region S(a) in Figure 1.



Les Cahiers du GERAD G-2017-04 13

4.4 Persistently time varying behavior for large enough «

For a > a(f,N) the optimal bulk filter gains remain time-varying. For example, when a = 5, f = 4.5,
N = 1000. Figures 7, 8 and 9 respectively, show the last entry of Ky, the cross covariance of two arbitrary
agents and the mean variance. It is observed that the gains exhibit an oscillating behavior. In fact, we
know that at @ = 5 the line k*(5) does not intersect the stability region S(a) in Figure 1, and thus the
naive Kalman filtering scheme cannot stabilize. When we apply the optimal Bulk filter, because of its ac-
curacy and the stability of the closed loop dynamics, individual agent dynamics are stabilized and as long
as the individual states remain weakly dependent, as IV grows, the law of large numbers dictates that the
interfering mean term in measurement Equation (2) go to zero. At that stage, the agents are essentially
independent (notice the periodic drop in interstate correlation, Figure 8), and non interfering and the op-
timal filtering gain vector ultimately becomes that associated with the naive Kalman filter, i.e. stationary
sequence (54)—(57), with K* = 0.9616. However, we do know from Figure 1 that such a filtering scheme fails
to stabilize the mean dynamics, and thus after a while, the interference term grows again, thus dominating
the measurement equation and creating a growing interstate cross correlation (see Figure 8 again, and the
coincidence of its peaks with those of the variance of m in Figure 9). The interdependence of states prevents
the size of NV from helping in knocking out interference, and the bulk filter starts again weighing more past
measurements in its estimation (this can be observed in Figure 7 where the peaks of K}, roughly coincide with
the minima of cross covariance terms in Figure 8). Thus persistent oscillations appear in the bulk filtering
gain sequences. As the degree of instability of a increases, the period of cycles gets larger and larger as
the filter has to fight longer to achieve stabilization, while the trail of non negligible coefficients associated
with past measurements becomes longer. At some point, a is sufficiently large that it may become difficult
to clearly distinguish cycles, and filter behavior becomes quite complex to assess, although numerically, it
appears to always maintain boundedness of closed loop behavior irrespective of the size of a. Also, the de-
pendency of closed loop behavior on N becomes non monotonic, as it contributes to worsening interference
when states are correlated, and quickly diminishing it when states become weakly dependent.

! —+— K(k)

0.7 I I I
500 505 510 515 520 525 530

time

Figure 7: Last entry of K; when a =5, f =4.5, N = 1000.

4.5 Non—-optimality of the Riccati gain

Tt is observed that, in general, the Riccati gain f* given by (8) is not asymptotically optimal as the number N
of agents goes to infinity when using the Bulk Filter. In particular, in the range of a’s for which (k*, f)
is stabilizing, the coupling term of the mean asymptotically disappears from the measurements. In that
case, f* is the optimum provided that f* is in the range of (k*, f) couples which still stabilize the system,
and indeed the bulk filter becomes in that case equivalent to the naive Kalman filter. However, outside of
the stationarization range, the quality of estimation depends on the applied feedback gain (dual effect of the
control [21,22]) and this explains the non-optimality of the Riccati gain in general. For example, Figures 10
and 11 respectively, show the average LQ cost of all the population for a = 2 (in stationarization region)
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Figure 8: The cross covariance of two arbitrary Figure 9: Mean variance when a = 5, f = 4.5,
agents when a = 5, f = 4.5, N = 1000. N = 1000.

and a = 5 (outside of stationarization region) using different values of N, where each point in the figures
represents the average of 50 independent simulation runs and 7/A markers illustrate the standard deviation
of the 50 simulations. Moreover, the vertical lines in the figures represent the Riccati gain f*.
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Figure 10: The average LQ cost of all the population Figure 11: The average LQ cost of all the population
for a = 2 and different values of N over T" = 1200 for a = 5 and different values of N over T' = 1200
steps, while the vertical blue line shows the Riccati steps, while the vertical blue line shows the Riccati
gain f*. gain f*.

4.6 Performance of the finite memory filter approximations

Figure 12 illustrates the cost defined as max; |z ;|, 1 < i < N, i.e. the maximum value of the agent states
in the last step of the simulation (saturated at 1000), obtained by adopting the finite memory Bulk filters
with memory lengths of n = 3, n = 5, n = 10 and n = 50, for different values of a and ay. It is observed
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that the stabilizing capability of the approximate finite memory filter is improved by increasing the memory
length n.

1000

500

n=50

1000 1000

500 500

Figure 12: Simulative evaluation of the finite memory approximate Bulk filters with memory length of n when N = 100, 7" = 1000.
The mesh reports the cost defined as max; |7 ;|, 1 <i < N.

5 Application to networked control systems

In [17], we presented an application example for decentralized power control in code division multiple access
(CDMA) cellular telephone systems with state gain a = 1. In this section, we present an application example
for control of multi-agent systems over a CDMA network with arbitrary state gain a.

Following the works in [23] and [24], we consider a model of a CDMA based communication and control
system in the context of a large number of users with N users which share a channel and are assumed to
be equally spaced on a circle around the base station, with a signal processing gain proportional to 1/N.
In particular, let p,(:z.) and «a denote, respectively, the transmitted power and the mean squared value of the

uplink channel gain for the i*" mobile user of the network and let pff’% denote the received power at the base

station for user ¢, where pg = ozp,(;z). The average over slot k of the power of the CDMA signal despread

by the spreading sequence of user i is given by:

, N
fs = B0+ S b 4 o, + v (63)

J#i
where o, is the variance of the background thermal noise process (modeled as a zero mean Gaussian random
variable), and vy ; is the measurement noise due to the limited number of samples involved in the average
operation (see [17,25-27]). Note that the resulting signal processing gain is assumed to be h'/N. Also, a
time slot corresponds to the time period between two consecutive power control commands. Furthermore, the
actual controlling users are assumed to be independent and simply using the base station as a communication
tool. They would not want to share in any way their private information in a cooperative scheme that would

allow others to identify their state.

The base station itself sends the control signal to a collection of individual systems (agents). Downlink
channels are considered noiseless, however the controlled individual systems are stochastic. Agents encode
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their (scalar) state x; by sending a power proportional to it, that is to say, p,(:z-) = Pz, where 3 is a

constant parameter. The base station in turn computes the required control based on received power which
also is tainted by interference and measurement noise (as in (63)). Thus, by letting
2 W
Yki = ki — Opp, €= aB(l— N)’ h = aBh, (64)
the physics of CDMA transmission viewed as a networked control system with N agents can be cast into a
state space form with individual scalar dynamics described by (1) and partial observations given by (2).

6 Conclusion

In this paper, we have studied a class of certainty equivalent controllers with time invariant state estimate
feedback gain for uniform agents that have linear stochastic individual dynamics and are coupled only through
an interference term (the mean of all agent states), entering each of their individual measurement equations.
The main challenge has been one of developing a decentralized filtering scheme under the considered class
of feedback controllers. The optimum filters present several complicating features: (i) their form and perfor-
mance is control dependent and thus a “dual” control effect is present; (ii) the filters are growing memory
while no finite dimensional sufficient statistic appears within grasp. However, we have succeeded in devel-
oping a semi-recursive computational scheme which capitalizes on numerical results from all previous cycles,
for otherwise numerical complexity rapidly explodes; (iii) It is impossible to produce a state estimate at
some time k without proceeding sequentially, i.e., without having to compute filtering state estimates for
all steps before k. We have numerically observed that the proposed estimator in combination with an ar-
bitrary (stabilizing under perfect state observations) state estimate feedback gain, succeeds in maintaining
the boundedness of the closed loop system even when individual systems are highly unstable. Moreover,
we have established existence of a stationarity threshold a(f, N) past which, the optimal filter gains never
stationarize, i.e. remain time-varying, and essentially periodic in the case of weakly unstable agents. An
interpretation of such behavior was provided. Furthermore, we have derived approximate finite-dimensional
filters to reduce memory requirements of the exact growing dimension filter.

In future work, we will attempt to mathematically establish the stabilization ability of our class of certainty
equivalent controllers. Moreover, we will study the bulk filter properties as a dynamical system when no
periodicity is apparent.

Appendix A

Proof of Theorem 1. We first note that the Bulk filter (15)—(17) is initialized with & ; = Z¢, and therefore
we have:

E [2r,i] = (a — bf)*Zo, E [my] = (a — bf)* o, (65)

and

E [yg,i] = cE [zk,:] + hE [my] (66)
= (c+ h)(a — bf)*zo.

Next, we partition Pyr yx in (17) as

1,

(67)

Pkailyk’Tl Pykilyk‘i‘|

Then applying matrix inversion by partitioning lemma [28] we get (22). Moreover, by combining (22) and (17)
we have:
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+ _Pmk'iyllfflpilc,li_lyllf;lPYlk,iilykwi + kalykl
Py = Pgl’“flyk,ipi’“lilyl’lePYleyw
T -1
|:_Py1k,;1ykﬂ?PY1k‘i_1Y1k,i_l 1i| . (68)
Furthermore, we note that fort =1,....k — 1
Pryiyes = El(awp_1; — bftp—1 +wp—1, — E[zgq))
(yt,i - E[yt,l})] = aPﬂ?k—l,iyt,i - bekflpylk;ly,wiv (69)
therefore,
Pack,iyf,;lp}jlkl;lyﬁ;l = (ankil,iYIkJ1 —bfKy_4 PYI’?ZIY{T;I)P}Z)%;IYS;l = (a — bf)kal. (70)
Thus, combining (68) and (70) yields (21).
Next, we show the derivations of the covariance expressions (25)—(42). In particular, for t =1,...,k -1
we have:
Pryeiye =El(@r,i — Elzn]) (e, — Elye,i))]
=E[(a(zr-1,; — E[rp—1,i]) — 0f K1
y1,i — Ely14)
: Fwr—1,0)(Ye.s — Elye.i])] (71)
Yk—1,i — Elyr—1,i]
and for t > k we have:
Pry iyei =E[(r,i — El2k,i]) (ye,i — Elye,i])]
=E[(zg,i — Elzg])(c(zt,i — Elze,])
+ h(mt — E[mt]) + Ut,i)] (72)
thus (71) and (72) yield (25). Also,
Py iyei =E[Wk,i — Elyk,i]) (ye,i — Elye,q))]
=E[(c(zk,i — E[zri]) + h(my — E[my])
+ k1) (Yt — Elyea])] (73)
which yields (26). Moreover, for ¢t < k we have:
Py, ime =El(Wk,i — Elyk.,i]) (me — E[m])]
=E[(c(z,i — E[zr]) + h(my — E[my])
+ op)(my — Efmg])] (74)
and for t > k we have:
Py ime =El(Yr,i — Elyg.i]) (my — E[my])]
=E[(yx,i — Elyr.i])(a(mi—1 — E[my—1]) — bf K¢ 1
(c+ h)(my —E[mq]) + 0,
: + Wi—1)], (75)

(c+ h)(mu—y — Elmu_y]) + G

thus (74) and (75) yield (27). For t =1,...,k — 1 we have:
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PIk,iivt E[(wk i E[xk z])(xt,i - E[xt,l])]
=E[(a(zk-1,; — Elrk—14]) — bf Ki—1

Y14 — E[yl,i]
: + wk_1,i)($t,z’ - E[xtz])]
Yk—1,i — E[yk—l,i]

and for t = k,

Pyy iz, =E[(a(wg—1,i — Elzr—1:]) = 0f K1

Yi,i — E[ylz]
: + wi-1,i)°]

Yr—1,i — Elyr—1,]
thus (76) and (77) yield (28). For t =1,..., k — 1 we have:

Py imy =E[(wr,i — Elzg,]) (my — E[my])]
=E[(a(rg-1,; — Elzg-1,]) — bf K1

y1,i — Ely1i]
: + wi—1,:) (Mg — Elmy])]

Yr—1,i — Elyr—1,4]
and for ¢t > k,
Pry im, =E[(wr,; — Elzgi]) (me — E[my])]
=E[(a(zr-1, — E[zg—1,]) — 0f Kr_1
y1.i — Ely1,4]

: ] + wi—1,i)
| Yk—1,i — Elyr—1,i]

(a(mi—1 — E[ms1]) = bf Kp 1
(c+h)(m1 — E[mi]) + 0,
: + Wy—1)]

[(c+ W) (me—y — Elmi_]) + 51y
thus (78) and (79) yield (29). For t =1,...,k — 1 we have:
Py, =E[(my — E[my])(my — E[m])]
—E[(a(m_1 — Efmi_1]) — bf Ki_1
(¢4 h)(my — E[m]) + 01
: + Wi—1)(me — E[m])]
(c+h)(mi—1 — Elmg_1]) + 01
and for ¢t = k,
Prym, —E[(mk - [mk])2]
=E[(a(mi—1 — E[mg_1]) — bf K1
(¢4 h)(m1 — E[mi]) +
: + Wg—1)?]
(

c+h)(my—1 — iE[mkq]) + V-1

(79)
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thus (80) and (81) yield (30). Furthermore,

which gives (31).

which gives (32).

which gives (33).

which gives (34).

which gives (35).

P,

Yk,iWt,i :E[(yhi

- E[yk,i])wt,i]

=E[(c(zr,i — Elzk,i]) + h(my — E[my])

+ Vg s )we ]

Prjwe,s =E[(my — E[my])we,i]
=E[(a(mp—1 — E[my_1]) — bf Kj—1
(c+h)(m1 — E[mi]) + 0,

(c+ h)(mi—1 — Elmi_1]) + or_1

:]E[apmk—lwt‘i

—bf(c+h)Kj—q

Pyy w, s =E[(@k,i — E[zgi])we ]

=E[(a(rg-1,

Yk—1,i — Elyr—1,]

+ Wy—1)wy,i]

Pmlwt,i,

+ P'Lbk—lwt,i]

Pmk—lwt,i

—Elzg_1.]) — bf Ky
Y1, — Ely14)
: + W—1,i)We ]

Pyl,iwt,i

:E[apmk—l,iwt,i - bekfl

P,

Yk—1,iWt,i

Py, v, =E[(Yk,i — Elyg,i])0:]

=E[(c(zr.q

Pryo, =E[(my — E[my]) ]
=E[(a(mp—1 — E[mi_1]) — bfKy—1
(¢ +h)(m1 — E[mi]) + 0,

(c+h)(mp—1 — E[mk—l]) + Vg1

:E[G‘Pmk—ﬂl)t

—bf(c+h)Ky_1

+ Pwk—l,iwt,i]

— Elzg,]) + h(my — E[mg]) + vg,;) W)

+ ﬁ)k_l)ﬁ)t]

Pmli‘[)t

P,

k—1Wt

+ Pﬂ)k—ﬂﬂt]

(83)
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Py, o, =E[(zr,s — Elog i) )]
=E[(a(rr—1,; — E[zr—1.]) — bf K1
Y10 — E[yu]
: + Wy —1,4) W]

Ye—1,; — E[yr—1,i]

P?h,iﬁ)t
:E[apwk—l,iwt - bekfl + P'wk—l,i'lz)t] (87)
Pyk—l,imt
which gives (36).
Py, v =E[(Yr,i — Elyki]) v
=E[(c(wk,i — Elzk,]) + h(my — E[mg]) + vk,i)vt.i] (88)

which gives (37).

P, =E[(my — E[my])ve 4]
=E[(a(my—1 — E[mg—1]) = bf K1
(c+h)(my — E[mi]) + 0
+ Wr—1)vt,i]
(c+h)(mg—1 — E[mg_1]) + 01
(C + h)Pmlvm + P’ﬁl’vt,i

:aPmkfl'Ut,i - bekfl : ) (89)
(C + h)Pmk—l'Ut,i + Pf}k—lvt,i
which gives (38).
Pﬂ?k,ivt,i :E[(mk,l - E[xk,i])vt,i]
=E[(a(zr-1,; — E[rp—1,i]) — 0f K1
Y1, — Ely14)
: + W—1,4)V¢,i]
Yk—1,i — Elyr—1,]
Pyl,ivt,i
:a/Pwk—l,i'Ut,i - bek—l (90)
Pyk—l,ivt,i
which gives (39).
Py, .o, =E[(yx.i — Elyr.i])0¢]
=E[(c(zk,i — E[zri]) + h(my — E[my]) + vgi) 0], (91)

which gives (40).
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Py, =E[(mi — E[mg])v]
=E[(a(my—1 — E[mg_1]) = bfKy—1
(c+h)(m1 — E[mi]) + 01

: + Wi—1) 0]
(c+h)(mg—1 — E[mg_1]) + 01
P o,
=aPp, 5, —bf(c+h)Kr_1 + Pay 15, (92)
P 15,

which gives (41).

Py o, =E[(@k, — Elg,q]) 0]
=E[(a(zg—1,; — E[lrg_1:]) — bf K1

Y1 — Elyi,]
: + Wwy—1,;)04]
Yk—1,i — Elyp—1,]
Pyl‘m
=Py, 5, — O Kr—1 + Puy_y 5 (93)
Pykfl,iﬁt
which gives (42). This concludes the proof. O

Proof of Lemma 1. Fort=1,...,k — 1 we have:

Pry oy =Bl(@k,i — Elzg,i]) (2,5 — Elze 5])]
=E[(a(xg-1,; — Elzr—1,]) — bf K1
y1,i — Ely1.4]
: + wi—1,i) (e, — Elzy 5])] (94)
Ye—1,i — Elyr—1,]

and for t = k, we have:

Py oy =E[(a(zp—1,i — Elzg_1]) — bf K1

[ y1,i — Ely14]

: +wp—1)(a(xp—1,; — Elrg—1;]) = bf Kr_1
(Yk—1,i — Elyr—1,i]

y1; — Ely1]
: + wi—1,5)] (95)
k1,5 — E[yr—1,]
thus (94) and (95) yield (43). The rest of the proof is similar to that of Theorem 1. O

Proof of Theorem 2. First, we partition Pyr yr in (49) as follows:

P P,

Yk—1,iYk—1,i Ye—1,i Y 1,
Pyr ye = T e (96)
k—1,iYk—1,i P % Py vk
Ye—1,i Y5141 k—l41,i T k—141,i

Then applying matrix inversion by partitioning lemma [28] we get (52). Moreover, combining (49) and (52)
yields (51). The rest of the proof is similar to that of Theorem 1. O
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